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It is proposed to use exact, cosmologically relevant solutions to Einstein’s equations to accurately
quantify the precision of ray tracing techniques through Newtonian N-body simulations. As an
initial example of such a study, the recipe in (Green & Wald, 2012) for going between N-body
results and a perturbed FLRW metric in the Newtonian gauge is used to study light propagation
through quasi-spherical Szekeres models. The study is conducted by deriving a set of ODEs giving
an expression for the angular diameter distance in the Newtonian gauge metric. The accuracy of
the results obtained from the ODEs is estimated by using the ODEs to determine the distance-
redshift relation in mock N-body data based on quasi-spherical Szekeres models. The results are
then compared to the exact relations. From this comparison it is seen that the obtained ODEs can
accurately reproduce the distance-redshift relation along both radial and non-radial geodesics in
spherically symmetric models. The reproduction of geodesics in non-symmetric Szekeres models is
slightly less accurate, but still good. These results indicate that the employment of perturbed FLRW
metrics for standard ray tracing techniques yields fairly accurate results, at least regarding distance-
redshift relations. It is possible though, that this conclusion will be rendered invalid if other typical
ray tracing approximations are included and if light is allowed to travel through several structures
instead of just one.
PACS numbers: 98.80.-k, 98.80.Jk, 98.80.Es
I. INTRODUCTION
Supernovae observations are typically interpreted as
indicating an accelerated expansion of the Universe
[1, 2]. Such interpretations, leading to the inclusion of
a cosmological constant into the cosmological standard
model, are predominantly based on redshift-distance
relations valid only within the Friedmann-Lemaitre-
Robertson-Walker (FLRW) models [3]. Since the
Universe is not exactly homogeneous and isotropic, it
is important to know how deviations from an exact
FLRW universe affect light propagation. By using
exact inhomogeneous solutions to Einstein’s equation
it has e.g been shown that inhomogeneities can affect
light propagation such that it may look as though the
Universe is undergoing an accelerated expansion even
though it is not (see e.g. [4–6]). As of yet, no convincing
results have been obtained indicating that this is in
fact what happens in the real universe though. On the
contrary actually, studies indicate that randomization
and statistical averaging diminishes any deviations from
FLRW results [7, 8] 1.
Even if inhomogeneities cannot explain the seeming
accelerated expansion of the Universe, being able to
quantify even small effects may be important for param-
eter determinations based on observations made in an
era of precision cosmology.
∗ koksbang@phys.au.dk
1 Note added after publication: it has later been pointed out to
us, that though this seems to be the case in general when cosmic
backreaction is vanishing (see e.g. [35, 36]), it is not necessarily
the case when the models studied have non-vanishing backreac-
tion (see e.g. [37]).
Newtonian N-body simulations are an important
tool for studying structure formation and are widely
accepted as giving a correct description of the structure
formation going on in the real universe. Comparing
results from N-body simulations with observations is
thus essential for using survey data to put restrictions
on cosmological parameters determining the standard
model of cosmology. Unfortunately, Newtonian mechan-
ics cannot be used to study exact general relativistic
light propagation since this requires knowledge of the
exact metric. Typically, light propagation through an
N-body simulation is thus studied through ray tracing
techniques (see e.g. [9–12]), where bundles of light are
propagated through a simulation box via the background
metric. If at all, only at a discrete number of lens planes
is the light deflected based on linearized relativistic
gravity. Several improvements of the basic ray tracing
scheme have been developed and the accuracy of the
methods have been studied through different approxima-
tion schemes (see e.g. [12–15]). For example, in [15] the
standard ray-bundle method (see e.g. [16]) was sought
improved by using the first order metric, rather than the
background metric, to describe null-geodesics.
In an era of precision cosmology, it is pertinent to
know exactly to what extent theoretical predictions of
light propagation through an N-body simulation can
be trusted and the work presented here is another step
towards that goal.
In [17] it is argued that the perturbed metric in
the longitudinal gauge gives a good description of the
metric of the Universe. A dictionary giving a recipe for
going between Newtonian N-body results and this metric
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2is also given. The work presented here is based on that
recipe. Several versions of the recipe are given in [17],
varying from the most simple form to a very involved
”Oxford” version. The version which in [17] is denoted
the abridged version is the one which is used here
because it is that version which is most compatible with
standard ray tracing techniques - and it is the simplest
of the recipe versions to use with N-body simulation
data. The metric is then simply the usual first order
metric in the Newtonian gauge with the potential and
velocity fields being those obtained directly from an
N-body simulation.
The compatibility between a first order perturbed
metric and the metric of the real universe is not clear.
It is advocated in e.g. [17] that it can be used, while
others show more skepticism and e.g. point out dangers
with using perturbation theory to justify itself (see
e.g [18]). Since the perturbed FLRW metric in the
Newtonian gauge combined with versions of the recipe
of [17] are typically the basis of ray tracing through
N-body simulations, it is important to study how
accurate the use of this recipe really is. In order to do
this, the metric and dictionary described above will be
used to derive a set of ODEs which can be solved to
obtain distance-redshift relations in the corresponding
spacetime. To study the accuracy of the obtained
relation, the ODEs are used on mock N-body data
constructed from quasi-spherical Szekeres models [19]
under the standard assumption that Newtonian N-body
simulations accurately reproduce relativistic structure
formation. Since the quasi-spherical Szekeres models
are exact solutions to Einstein’s field equations, the
exact distance-redshift relations of these models can be
obtained and compared with those obtained by using
the recipe.
There are several reasons for choosing the quasi-
spherical Szekeres models for the accuracy checking of
the ODEs. First of all, the quasi-spherical Szekeres
models are counted amongst the most realistic cosmo-
logically relevant exact known solutions to Einstein’s
equations. Further more, the spherically symmet-
ric limit of the quasi-spherical Szekeres models, the
Lemaitre-Tolman-Bondi (LTB) models, are known to
be reproducible by Newtonian N-body simulations
[20]. Thus, checking the ODEs with LTB models gives
both a check of reproducing light propagation through
exact non-linear relativistically evolving structures and
through structures evolving according to Newtonian N-
body simulations. It is not surprising that LTB models
are reproducible by Newtonian mechanics since they are
spherically symmetric and their structure formation is
scale invariant. It is to obtain slightly more generality
that also the non-symmetric quasi-spherical Szekeres
models are used in the comparison. The non-symmetric
Szekeres models show significantly more growth of
structure than LTB models [21–24] and whether or not
these can be reproduced by N-body simulations is still
unknown but is the subject of ongoing work of one of
the current authors.
It should be noted that the perturbed FLRW metric
is diagonal while the Szekeres metric is non-diagonal in
spherical coordinates. This immediately implies a short-
coming of the Newtonian gauge metric. However, there
is no reason to expect the local metric of cluster-void
structures in the real universe to be diagonal. Hence, the
non-diagonal metric of the Szekeres model may actually
be considered a strength for the purpose of the study.
II. THE ANGULAR DIAMETER DISTANCE IN
THE NEWTONIAN GAUGE
In this section, the ODEs needed to obtain the angular
diameter distance DA(z) in the Newtonian gauge are
given. The ODEs are obtained following the procedure
presented in [25].
The onset of deriving the sought equations is the
metric. Since Szekeres models are dust models, the
anisotropic stress vanishes and the perturbed FLRW
metric in the Newtonian gauge can be written using a
single perturbation field ψ:
ds2 = −c2(1 + 2ψ)dt2 + a2(1− 2ψ) (dr2 + r2dθ2 + sin2(θ)dφ2)
= −Tdt2 +Rdr2 + Fdθ2 + Pdφ2
(1)
The metric is assumed to be exactly described in
this form and will be referred to as the Newtonian
gauge metric. It should be stressed, that though the
metric above looks like a perturbed FLRW metric in
the Newtonian gauge, there is a small difference: the
above metric is an attempt to obtain a relativistic
description of the ”underlying” relativistic spacetime
corresponding to a Newtonian N-body simulation. As
such, according to the recipe of [17], the potential ψ is to
be obtained from the exact, non-linear density field from
the corresponding N-body simulation, and not through
perturbation theory. This point will be revisited in
section III C.
As implied in the expression for the line element
above, spherical coordinates have been used for this
work. By writing the metric functions as T,R, F, P ,
the equations derived below are written in a generic
form so that they are valid with any coordinate choice
and actually any spacetime as long as the metric is
diagonal. In appendix A, the equations are written in
their full length in spherical coordinates using ψ instead
of T,R, F, P .
Light moves along null-geodesics, so the geodesic
equations are needed to describe the light paths. Letting
a dot denote differentiation with respect to the affine
3parameter λ, the geodesic equations can be written as:
−2T k˙t = 2T˙ kt−T,t(kt)2 +R,t(kr)2 +F,t(kθ)2 +P,t(kφ)2
(2)
2Rk˙r = −2R˙kr−T,r(kt)2 +R,r(kr)2 +F,r(kθ)2 +P,r(kφ)2
(3)
2F k˙θ = −2F˙ kθ−T,θ(kt)2+R,θ(kr)2+F,θ(kθ)2+P,θ(kφ)2
(4)
2P k˙φ = −2P˙ kφ−T,φ(kt)2+R,φ(kr)2+F,φ(kθ)2+P,φ(kφ)2
(5)
Subscripted commas followed by coordinates denote
partial derivatives with respect to those coordinates.
Considering a light bundle with infinitesimal cross
section δS and solid angle element δΩ, an ODE for DA
can be obtained as follows (see e.g. [26]):
δS = D2AδΩ =⇒ 2d lnDA = d ln δS = 2θ˜dλ = kα;αdλ
(6)
θ˜ denotes the optical expansion scalar (see e.g. [26]) and
a subscripted semi-colon followed by a coordinate denotes
covariant differentiation with respect to that coordinate.
Summation over repeated indexes is implied, with Greek
indexes running over 0−3 and Latin indexes running over
1− 3.
Inserting the appropriate Christoffel symbols (see ap-
pendix A) into this equation, the following ODE is ob-
tained:
dDA
dλ
=
1
2
DA(k
α
,α +
T˙
T
+
R˙
R
+
F˙
F
+
P˙
P
) (7)
Once this expression has been used to obtain DA along
a geodesic, the luminosity distance can be found as
DL = (1 + z)
2DA and from this the apparent magni-
tude etc. can be obtained.
From equation (7) it is apparent that kt,t, k
r
,r, k
θ
,θ and
kφ,φ are needed and these are obtained by solving the
ODEs that appear when taking the partial derivatives
of the geodesic equations:
−2T d
dλ
kt,α = 2T,αk˙
t + 2Tkt,βk
β
,α + 2k
t(T,αβk
β + T,βk
β
,α)+
2k˙t,α − T,tα(kt)2 − 2T,tktkt,α +R,tα(kr)2 + 2R,tkrkr,α+
F,tα(k
θ)2 + 2F,tk
θkθ,α + P,tα(k
φ)2 + 2P,tk
φkφ,α
(8)
2R
d
dλ
kr,α = −2R,αk˙r − 2Rkr,βkβ,α − 2kr(R,αβkβ +R,αkβ,α)−
2R˙kr,α − T,rα(kt)2 − 2T,rktkt,α +R,rα(kr)2 + 2R,rkrkr,α+
F,rα(k
θ)2 + 2F,rk
θkθ,α + P,rα(k
φ)2 + 2P,rk
φkφ,α
(9)
2F
d
dλ
kθ,α = −2F,αk˙θ − 2Fkθ,βkβ,α − 2kθ(F,βαkβ + F,βkβ,α)−
2F˙ kθ,α − T,θα(kt)2 − 2T,θktkt,α +R,θα(kr)2 + 2R,θkrkr,α+
F,θα(k
θ)2 + 2F,θk
θkθ,α + P,θα(k
φ)2 + 2P,θk
φkφ,α
(10)
2P
d
dλ
kφ,α = −2P,αk˙φ − 2Pkφ,βkβ,α − 2kφ(P,αβkβ + P,βkβ,α)
−2P˙ kφ,α − T,φα(kt)2 − 2T,φktkt,α +R,φα(kr)2 + 2R,φkrkr,α+
F,φα(k
θ)2 + 2F,φk
θkθ,α + P,φα(k
φ)2 + 2P,φk
φkφ,α
(11)
In order to ensure that the geodesics described by
the above equations are null-geodesics, the null condi-
tion and its partial derivatives shown below can be used
to set the initial conditions:
kαkα = −T (kt)2 +R(kr)2 + F (kθ)2 + P (kφ)2 = 0 (12)
−T,α(kt)2 − 2Tktkt,α +R,α(kr)2 + 2Rkrkr,α+
F,α(k
θ)2 + 2Fkθkθ,α + P,α(k
φ)2 + 2Pkφkφ,α = 0
(13)
The objective of this work is to asses the accuracy
of the equations presented above when applied to
N-body data. In order to do this, the exact relativistic
spacetime corresponding to the N-body data is needed.
The study is thus conducted by constructing mock
N-body data corresponding to a quasi-spherical Szekeres
model and its underlying LTB model. The above equa-
tions are solved with the potentials corresponding to
these two ”data sets”. The results are then compared to
those obtained by solving the equivalent ODEs derived
from the actual metrics of these models.
III. QUASI-SPHERICAL SZEKERES MODELS
In this section, the quasi-spherical Szekeres models
are introduced and the ODEs needed to obtain DA(z)
in these models are given. At the end of the section, the
relation between the Szekeres models and the Newtonian
gauge metric is discussed.
The Szekeres models [19] is a family of exact, in-
homogeneous dust solutions to the Einstein equations
which in their general form have no killing vectors [27].
A typical coordinate system to describe the Szekeres
4metric in, is the (t, r, p, q)-system related to the spherical
coordinate system by a stereographic projection [28] 2:
p− P˜ = S cot(θ/2) cos(φ)
q −Q = S cot(θ/2) sin(φ) (14)
The functions P˜ , Q and S are defined below.
The (t, r, p, q) coordinate system is particularly useful
since it renders the metric diagonal:
ds2 = −c2dt2 +
(
A,r(t, r)−A(t, r)E,r(r,p,q)E(r,p,q)
)2
− k(r) dr
2+
A(t, r)2
E(r, p, q)2
(dp2 + dq2)
(15)
In a general Szekeres model, E is given as
E = 12S (p
2 + q2) − pP˜S − qQS + P˜
2+Q2+S2
2S , where
S, P˜ and Q are continuous but otherwise arbitrary
functions of r, and  ∈ {−1, 0, 1}. The quasi-spherical
Szekeres models with  = 1 reduce to LTB models when
P˜ , Q and S are constant functions. Only the quasi-
spherical Szekeres models are considered in the following.
Inserting the metric corresponding to the line ele-
ment (15) into Einstein’s equation for a dust-filled
universe containing a cosmological constant leads to the
following two equations:
1
c2
A2,t =
2M
A
− k + 1
3c2
ΛA2 (16)
ρ =
2M,r − 6M E,rE
c2βA2(A,r −AE,rE )
, β = 8piG/c4 (17)
The function M = M(r) appearing in these equations is
a temporal integration constant depending on the radial
coordinate and corresponds to the effective gravitational
mass at comoving radial coordinate r.
A. Model setup
The procedure that has been used for obtaining spe-
cific models follows that introduced by K. Bolejko and
2 For notational convenience, the coordinates t, r, θ and φ of the
Szekeres metric will notationally not be distinguished from the
coordinates of the Newtonian gauge metric. The coordinates of
these two spacetimes are not the same though and mappings
between the coordinate systems are discussed in section III C.
described in e.g [21]. This method starts by specifying
an LTB model with a density distribution that is later al-
tered through appropriate choices of the dipole functions
P˜ , S and Q to create non-symmetric models. Below, a
vanishing cosmological constant and k(r) ≤ 0 is assumed.
Equation (16) can be written as an integral equa-
tion:
ct− ctb(r) =
∫ A
0
dA˜√
2M/A˜− k
(18)
Here, only models with a constant time of the big bang
will be used, and the constant value will be set equal
to zero, i.e. tb(r) = 0. Introducing a parameter η, the
solution to the integral equation can then be written in
parametric form as:
A =
M
−k (cosh(η)− 1), t = (sinh(η)− η)
M
c(−k)3/2 (19)
In the following, the term ”background model” is used
for denoting the FLRW model that the LTB model
tends to at r → ∞. In the models studied here, the
background model is the Einstein de-Sitter (EdS) model.
The coordinate covariance in r is eliminated by
setting A(tls, r) = r, where tls is the time of last
scattering in the background model determined by a
background redshift z of z = 1100.
To specify the LTB model completely, only one more
function is needed. Here, that function is chosen to
be M(r). In order to specify M , the function is split
into two parts by writing M = δM(r) + M0. The
latter term corresponds to a background term such
that M0 =
ΩmH
2
0r
3
2c2 , where Ωm is the time dependent
density parameter of the background model with density
ρEdS . δM is determined by choosing the desired initial
density field. This is done by splitting the density into
a background part and a ”perturbation” and writing
equation (17) in the LTB limit as:
ρEdS + δρ =
2((M0),r + δM,r)
c2βA2A,r
(20)
Since M is time-independent, this equation can be
integrated at t = tls to obtain M once δρ(tls, r) has
been specified. When this is done, equation (19) can be
solved for k(r) at t = tls and afterwards it can be solved
at any time t to obtain A(t, r).
The models used here are specified by δρ(r, tls) =
−10−30.5βρEdS(tls)αe
−r2
σ2(0.1Mpc)2 with α = 5.5, σ = 0.3
and β as defined in equation (17). This corresponds
to a void with an approximate present time diameter
of 160Mpc. The present time void profile in physical
coordinates can be fitted well to the formula given in
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FIG. 1. Present time 2D density profile of the LTB model.
The comoving coordinates are normalized at t = tls in units
of 0.1Mpc.
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FIG. 2. Present time 2D density profile of the Szekeres model.
The comoving coordinates are normalized at t = tls in units
of 0.1Mpc.
[29] which describes spherically averaged void profiles
according to Newtonian N-body simulations (based on a
ΛCDM background though).
Aside from the LTB model, also a Szekeres model
with no symmetries has been studied. This non-
symmetric model is constructed by using the dipole
functions defined by S = 1, P˜ = const. and
Q,r = −8e−3r/(0.1Mpc) log(r/(0.1Mpc) + 1). This
choice leads to an overdensity peaking with a density
contrast ρ−ρEdSρEdS of approximately 4 at present time,
t = t0.
2D present time density profiles of the LTB and
Szekeres models are shown in figures 1 and 2.
B. Geodesic equations and the Angular diameter
distance formula in spherical coordinates
A complete set of ODEs appropriate for studying
redshift-distance relations in Szekeres models was de-
rived in [25]. The coordinate system used there was the
(t, r, p, q) coordinate system. For the purpose of this
work it was found convenient to follow the procedure
presented in [25] and re-derive the equations for quasi-
spherical Szekeres models in spherical coordinates.
The line element of the quasi-spherical Szekeres
model in spherical coordinates is:
ds2 = −dt2c2 + [(A,r −A
E,r
E )
2
(1− k) +
A2
E2
(S2,r cot
2(
θ
2
) + 2S,r cot(
θ
2
)(Q,r sin(φ)+
P˜,r cos(φ)) + P˜
2
,r +Q
2
,r)]dr
2 + 2
A2
E2
S cot(
θ
2
)[Q,r cos(φ)−
P˜,r sin(φ)]drdφ− 2A
2
E
[Q,r sin(φ) + P˜,r cos(φ)+
S,r cot(
θ
2
)]drdθ +A2dθ2 +A2 sin2(θ)dφ2
(21)
The line element written in this form can also be found in
e.g [21]. For convenience, a simplifying notation for the
metric functions is used in the following and the ODEs
will be given in a notation corresponding to the line ele-
ment written as:
ds2 = −dt2c2 +R(t, r, θ, φ)dr2 + 2Φ(t, r, θ, φ)drdφ+
2Θ(t, r, θ, φ)drdθ + F (t, r)dθ2 + P (t, r, θ)dφ2
(22)
The definition of the metric functions R,Φ,Θ, F, P
is seen by comparing equations (21) and (22). In
spherical coordinates E is given by E = S
2 sin2(θ/2)
while
E,r
E = −S,r cos(θ)+sin(θ)[P˜,r cos(φ)+Q,r sin(φ)]S .
Using the above metric it is straight forward to
obtain the geodesic equations in the spherical coordinate
system:
k˙t+
1
2c2
[R,t(k
r)2+F,t(k
θ)2+P,t(k
φ)2+2Φ,tk
φkr+2Θ,tk
θkr] = 0
(23)
Rk˙r + R˙kr + Φ˙kφ + Φk˙φ + Θ˙kθ + Θk˙θ − 1
2
[R,r(k
r)2+
F,r(k
θ)2 + P,r(k
φ)2 + 2Θ,rk
θkr + 2Φ,rk
φkr] = 0
(24)
F k˙θ + F˙ kθ + Θ˙kr + Θk˙r − 1
2
[R,θ(k
r)2+
P,θ(k
φ)2 + 2Θ,θk
θkr + 2Φ,θk
φkr] = 0
(25)
6P k˙φ + P˙ kφ + Φ˙kr + Φk˙r − 1
2
[R,φ(k
r)2+
2Θ,φk
θkr + 2Φ,φk
φkr] = 0
(26)
As with the Newtonian gauge metric, these equa-
tions must be differentiated in order to obtain ODEs for
kt,t, k
r
,r, k
θ
,θ and k
φ
,φ which are needed in the expression
for DA. The resulting equations are:
d
dλ
(kt,α) + k
t
,βk
β
,α +
1
c2
[
1
2
R,tα(k
r)2+
R,tk
rkr,α +
1
2
F,tα(k
θ)2 + F,tk
θkθ,α+
1
2
P,tα(k
φ)2 + P,tk
φkφ,α + Φ,tαk
rkφ + Φ,t(k
φ
,αk
r+
kφkr,α) + Θ,tαk
θkr + Θ,t(k
θ
,αk
r + kθkr,α)] = 0
(27)
R,αk˙
r +R(
d
dλ
(kr,α) + k
r
,βk
β
,α) + R˙k
r
,α+
kr(R,αβk
β +R,βk
β
,α) + k
φ(Φ,αβk
β + Φ,βk
β
,α)+
Φ(
d
dλ
(kφ,α) + k
φ
,βk
β
,α) + Φ,αk˙
φ+
Φ˙kφ,α + k
θ(Θ,αβk
β + Θ,βk
β
,α) + Θ(
d
dλ
(kθ,α)+
kθ,βk
β
,α) + Θ,αk˙
θ + Θ˙kθ,α − [
1
2
R,rα(k
r)2+
R,rk
rkr,α +
1
2
F,rα(k
θ)2 + F,rk
θkθ,α +
1
2
P,rα(k
φ)2+
P,rk
φkφ,α + Θ,rαk
θkr + Θ,r(k
θ
,αk
r + kθkr,α)+
Φ,rαk
φkr + Φ,r(k
φ
,αk
r + kφkr,α)] = 0
(28)
F,αk˙
θ + F (
d
dλ
(kθ,α) + k
θ
,βk
β
,α) + k
θ(F,αβk
β + F,βk
β
,α)+
F˙ kθ,α + k
r(Θ,βαk
β + Θ,βk
β
,α) + Θ˙k
r
,α + Θ,αk˙
r+
Θ(
d
dλ
(kr,α) + k
r
,βk
β
,α)− [
1
2
R,θα(k
r)2 +Rθk
rkr,α+
1
2
P,θα(k
φ)2 + P,θk
φkφ,α + Θ,θαk
θkr + Θ,θ(k
θ
,αk
r+
kθkr,α) + Φ,θαk
φkr + Φ,θ(k
φ
,αk
r + kφkr,α)] = 0
(29)
P,αk˙
φ + P (
d
dλ
(kφ,α) + k
φ
,βk
β
,α)+
kφ(P,βαk
β + P,βk
β
,α) + P˙ k
φ
,α + k
r(Φ,αβk
β + Φ,βk
β
,α)+
Φ˙kr,α + Φ,αk˙
r + Φ(
d
dλ
(kr,α) + k
r
,βk
β
,α)−
[
1
2
R,φα(k
r)2 +R,φk
rkr,α + Θ,φαk
θkr + Θ,φ(k
θ
,αk
r + kθkr,α)+
Φ,αφk
φkr + Φ,φ(k
φ
,αk
r + kφkr,α)] = 0
(30)
Inserting the appropriate Christoffel symbols (given in
appendix B) into equation (6), the following differential
equation for the angular diameter distance is obtained:
4
d lnDA
dλ
= 2(kt,t + k
r
,r + k
θ
,θ + k
φ
,φ)+
F,t
F
kt +
F,r
F
kr +
P,t
P
kt +
P,r
P
kr +
P,θ
P
kθ+
1
R− Φ2P − Θ
2
F
(R,tk
t +R,rk
r +R,θk
θ +R,φk
φ)+
1
F
Θ
R− Φ2P − Θ
2
F
(kt(
Θ
F
F,t − 2Θ,t)+
kr(
Φ
P
Φ,θ − Φ
P
Θ,φ +
Θ
F
F,r − 2Θ,r) + kθ(−2Θ,θ)+
kφ(
Φ
P
P,θ − 2Θ,φ)) + 1
P
Φ
R− Φ2P − Θ
2
F
(kt(
Φ
P
P,t−
2Φ,t) + k
r(
Θ
F
Θ,φ − Θ
F
Φ,θ +
Φ
P
P,r − 2Φ,r)
+kθ(
Φ
P
P,θ − 2Φ,θ) + kφ(−2Φ,φ − Θ
F
P,θ))
(31)
This equation is solved simultaneously with the 24 ODEs
for the kα’s and their derivatives.
The last set of equations needed are again the null-
condition and its partial derivatives. These equations
are used when setting the initial conditions and for
checking the accuracy of the code.
In spherical coordinates, the null-condition is given
by:
kαkα = k
αkβgαβ = −c2(kt)2 +R(kr)2+
F (kθ)2 + P (kφ)2 + 2Θkrkθ + 2Φkrkφ = 0
(32)
Taking the partial derivative of this equation one obtains:
−2c2ktkt,α +R,α(kr)2 + 2Rkrkr,α + F,α(kθ)2+
2Fkθkθ,α + P,α(k
φ)2 + 2Pkφkφ,α + 2Θ,αk
rkθ+
2Θ(kr,αk
θ + krkθ,α) + 2Φ,αk
rkφ + 2Φ(kr,αk
φ + krkφ,α) = 0
(33)
The equations given above are shown in expanded
form in appendix B together with comments on initial
conditions.
C. Relation between the Szekeres and Newtonian
gauge spacetimes
In this section, the subscripts ”sz” denotes Szekeres
coordinates including LTB coordinates while the sub-
script ”ltb” is used for specifying LTB coordinates. The
subscript ”ng” denotes Newtonian gauge coordinates
and the subscript ”flrw” is used for denoting coordi-
nates on the unperturbed FLRW background. A tilde
7will be used to denote coordinates of fiducial spacetime
points.
The numerical values of coordinates are of no physical
value. Instead, the physically relevant quantities are
proper distances, and these are determined by the
metric. In order for two spacetimes to be considered
equivalent, a map between their coordinates must
thus be constructed such that proper distances are
equal in the two spacetimes. It could seem, that the
appropriate point identification map in this case is
between the Szekeres and Newtonian gauge spacetimes
and this would indeed also lead to an interesting study.
However, the recipe of [17] is for going between the
Newtonian gauge metric and an N-body simulation with
its underlying FLRW metric. The intent here is to see
how well the recipe describes the ”true” underlying
relativistic spacetimes corresponding to density and
velocity fields obtained from N-body simulations. This
is done by studying the Newtonian gauge metric’s
ability to accurately describe light propagation. Such a
study requires the knowledge of the ”true” underlying
spacetime of the considered N-body fields. Thus, mock
N-body data is constructed by mapping Szekeres models
into their background FLRW models. The mapped
Szekeres model’s density profile and the velocity field
obtained through the mapping comprise mock N-body
data. As in regular perturbation theory, the Newtonian
gauge metric is then assigned the same coordinate
system as that of the FLRW background of the ”N-body
data”.
Both the velocity and density fields of LTB models
can be reproduced by N-body simulations when using
initial conditions based on the maps described below.
As mentioned in the introductory section, it is still
work in progress to show that this is also the case for
non-symmetric Szekeres models. Following the standard
consensus, it is here assumed that Newtonian N-body
simulations accurately reproduce structure formation
in accordance with general relativity. In particular,
it is thus assumed that non-symmetric quasi-spherical
Szekeres models are reproducible by Newtonian N-body
simulations.
Following [20], the point identification map be-
tween FLRW and LTB coordinates is defined by the
requirement of equal proper radial distances in the
two spacetimes. Letting gαβ denote components of
the metric tensor, the identification between comoving
coordinates in the two spacetimes is thus given by the
four equations:
t˜ := t˜ltb = t˜flrw
θ˜ := θ˜ltb = θ˜flrw
φ˜ := φ˜ltb = φ˜flrw
dpr,ltb :=
∫ r˜ltb
0
drltb
√
grr,ltb =
∫ r˜flrw
0
drflrw
√
grr,flrw
(34)
These equations yield a mapping (t˜, r˜flrw, θ˜, φ˜) →
(t˜, r˜ltb, θ˜, φ˜). Note that since the big bang time in
equation (18) is zero, the time coordinates of the two
spacetimes are the same. Note also, that the spherical
symmetry about the origin of the LTB model implies
that the angular coordinates of the LTB and FLRW
metric are the same.
The non-symmetric Szekeres metric is non-diagonal
in spherical coordinates while the FLRW metric is
diagonal. A point identification map in spherical coor-
dinates does thus not capture the complete anisotropy
of the Szekeres model. As shown in equation (15) the
general Szekeres metric is diagonal in stereographic
coordinates defined by equation (14). The appropriate
point identification map between the non-symmetric
Szekeres spacetime and the FLRW spacetime is thus
defined in stereographic coordinates:
t˜ := t˜sz = t˜flrw
p˜ := p˜sz = p˜flrw
q˜ := q˜sz = q˜flrw
dpr,sz :=
∫ r˜sz
0
drsz
√
grr,sz =
∫ r˜flrw
0
drflrw
√
grr,flrw
(35)
In this equation, grr,sz is the rr-component of the Szek-
eres metric in stereographic coordinates while grr,ltb was
the rr-component of the LTB metric in spherical coor-
dinates. The rr-component of the FLRW metric is the
same in spherical and stereographic coordinates as the
flat FLRW metric in stereographic coordinates is given
by:
ds2 = −c2dt2flrw+a2
(
dr2flrw +
r2flrw
E˜2
(dp2flrw + dq
2
flrw)
)
(36)
The function E˜ in this line element is defined by E˜ =
1
2
(
p2flrw + q
2
flrw + 1
)
which in spherical coordinates cor-
responds to E˜ = 1
2 sin2(θflrw/2)
. The stereographic FLRW
coordinates are related to the spherical FLRW coordi-
nates by the transformation:
pflrw = cot (θflrw/2) cos(φflrw)
qflrw = cot (θflrw/2) sin(φflrw)
(37)
8Combining the stereographic point identification
map with the coordinate transformations of equations
(14) and (37), a point identification map between the
spherical coordinate systems of the Szekeres and FLRW
spacetimes is obtained. The stereographic coordinates of
the Szekeres model are related to the angular coordinates
through an r-dependence but this is not the case for the
FLRW metric. This difference implies that the angular
coordinates in the two spacetimes will not be identical.
Other point identification maps than the ones given
above have been studied. In particular, a map requiring
equal proper distances along the (p, q)-coordinate direc-
tions instead of psz = pflrw, qsz = qflrw has been studied
along with two maps in spherical coordinates. For the
non-symmetric Szekeres model, the maps do not yield
the same results indicating a lack of exact compatibility
between the FLRW and general Szekeres spacetimes.
The map shown in equation (35) is used because it yields
the best reproduction of the non-symmetric Szekeres
spacetime.
a. Peculiar velocities and ψ: In the Szekeres model,
the observer is comoving and the redshift is given by
1 + z = k
t(λ)
kt0
, with a subscript 0 referring to evalu-
ation at the position of the present time observer. In
the Newtonian gauge spacetime, dust is generally not co-
moving. Following [17], the appropriate peculiar velocity
field is proportional to (1, vi) with vi = vi the local co-
moving spatial dust motion on the EdS background/in
the N-body simulation. The velocity field is normal-
ized such that uµuµ = −c2 so the appropriate field is
uµ = (1, vi) c√
c2(1+2ψ)−a2(1−2ψ)(v2r+v2θr2+v2φr2 sin2(θ))
. The
velocity field is needed in order to obtain the redshift
along the geodesics using the general formula 1 + z =
(kαuα)e
(kαuα)0
, with a subscript e indicating the spacetime po-
sition of emission i.e. kαe = k
α(λ) etc.
The comoving peculiar radial velocity vr is computed
by taking the time derivative of the expression for the
proper distance dpr:
d
dt
dpr =
d
dt
(arflrw) = a,trflrw + avr (38)
The proper distance on the left hand side is computed
in the Szekeres/LTB spacetime at the appropriately
mapped spacetime point.
The angular velocities vanish in the LTB model
because of the spherical symmetry about the origin. The
angular velocities of the non-symmetric Szekeres model
do not vanish identically, but they are small and are
only used in the formula for the redshift in which they
are suppressed by kθng, k
φ
ng. The angular velocities can
thus be neglected.
The potential ψng is needed in order to solve the
geodesic equations and for obtaining DA in the New-
tonian gauge. The potential is obtained by the usual
Poisson equation ∇2ψng = 4piGa2c2 δρng. This equation
is solved in Fourier space (using fftw33) on a grid and
the value of ψng at a specific point is then obtained
using quadri-linear interpolation. This method should
approximately mimic how one would work with the
potential from an N-body simulation.
The overdensity is defined as δρ := ρSzekeres − ρEdS
and is obtained at spacetime points in the Szekeres
metric. The overdensity needed for obtaining ψng is
the corresponding overdensity of the mock N-body
simulation so a mapping into the Newtonian gauge
spacetime is necessary. The overdensity δρng at a New-
tonian gauge spacetime point (t˜ng, r˜ng, θ˜ng, φ˜ng) =
(t˜flrw, r˜flrw, θ˜flrw, φ˜flrw) is thus computed as
δρng(t˜ng, r˜ng, θ˜ng, φ˜ng) = δρSzekeres(t˜sz, r˜sz, θ˜sz, φ˜sz),
where (t˜sz, r˜sz, θ˜sz, φ˜sz) is the Szekeres spacetime point
corresponding to (t˜ng, r˜ng, θ˜ng, φ˜ng) according to the
point identification map defined by equation (34) or (35).
The corresponding potential in the Newtonian gauge
spacetime, ψng, is then computed from the Poisson
equation in the Newtonian gauge spacetime.
D. Gauge transformation of the angular diameter
distance
In the previous subsection, it was discussed how
to construct a point identification map between the
Szekeres model and its FLRW background in order to
construct mock N-body data. This map is used for
obtaining the metric potential ψ and peculiar velocities
of the Newtonian gauge metric so that this metric de-
scribes the Szekeres spacetime. Another issue regarding
the use of the two spacetimes is that they do not corre-
spond to the same spacetime slicing since the Szekeres
metric is given in the comoving synchronous slicing of
spacetime. In order to compare DA(z) obtained from
the Newtonian gauge equations with the exact result, it
must thus in principle undergo a gauge transformation
to the comoving synchronous gauge.
It is well known from linear relativistic perturbation
theory that the differences in observable quantities in
different gauges are negligible well within the horizon.
The structures studied here have a present time diameter
of approximately 160Mpc so the gauge transformation
should not be necessary. A formal gauge transformation
is performed anyway as a precaution.
Redshift perturbations are gauge dependent, but
the redshift itself is a scalar i.e. coordinate invariant.
Since the value of the exact redshift is computed here,
3 http://www.fftw.org/
9and not just the perturbation, no transformation of
the redshift is thus necessary. The angular diameter
distance is not gauge invariant; it is the fraction of two
infinitesimal areas and areas change under coordinate
transformations.
As will become apparent below, only the transforma-
tion of the time coordinate is needed to obtain a gauge
transformation of the angular diameter distance. The
transformation law between the time coordinates in the
two coordinate systems is found by using the general
coordinate transformation equation gµ′ν′ = gαβ
∂xα
∂xµ′
∂xβ
∂xν′
.
Inserting −c2 as the time-time component of the Syn-
chronous gauge metric tensor into the left hand side
of this equation and inserting the Newtonian gauge
metric into the right hand side, yields the approximate
transformation law:
tS ≈ tN +
∫ tN
0
ψdt (39)
In this equation, tN and tS are the time coordinates in
the Newtonian and Synchronous gauges respectively.
The approximate result is the same as what one would
obtain by using regular gauge transformation laws for
going between the Newtonian gauge and a synchronous
gauge (see e.g. section 5.3 of [30]). By using the first
order Euler equation in the spherically symmetric limit
it is seen that −c2 ∫ tN
0
ψdt = −a ∫∞
r
vr(tN , r
′)dr′ which
shows that the approximate result obtained here is also
in agreement with that found in [31].
Using the simplified notation xαS = x
α
N + ξ
α for
the gauge transformation of xα = (t, r, θ, φ), a Taylor
expansion reveals the gauge transformation of the
angular diameter distance:
DA,S(x
α
e,S , x
α
0,S) ≈ DA,N (xαe,N , xα0,N )+
(D¯A(x
α
e , x
α
0 )),αξ
α|e + (D¯A(xαe , xα0 )),αξα|0
(40)
An over-bar is used for denoting background quantities
and coordinates without a subscripted N or S are
background coordinates. As before, N and S denote
coordinates in the Newtonian and comoving synchronous
gauge respectively, and e denotes point of emission while
0 denotes point of observation.
Using the Mattig relation [32], D¯A =
2cH−10
[
a(te)
a(t0)
− a(te)3/2
a(t0)3/2
]
, the gauge transformation
law becomes:
DA,S(x
α
e,S , x
α
0,S) ≈ DA,N (xαe,N , xα0,N )+
2cH−10
[
a,t(te)
a(t0)
− 3
2
√
a(te)a,t(te)
a(t0)3/2
]
ξt|e − cξt|0
(41)
IV. RESULTS
The system of ODEs presented in section II are used
to obtain DA(z) along single geodesics in the LTB and
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Angular diameter distance along radial LTB ray
FIG. 3. Angular diameter distance along a radial geodesic in
the LTB model with a central observer. The line with the
legend ”LTB ray” is the angular diameter distance along a
geodesic computed with the ODE’s of the exact LTB met-
ric. The two other lines are the angular diameter distances
along the ”equivalent” geodesic according to the Newtonian
gauge metric in the Newtonian gauge and in the synchronous
gauge respectively - these two lines are indistinguishable as
expected. They are also indistinguishable from the first men-
tioned line indicating that the Newtonian gauge metric ade-
quately describes the LTB geodesic.
non-symmetric Szekeres models described by the New-
tonian gauge metric. Afterwards, the exact DA(z) re-
lation is obtained by solving the set of ODEs given in
section III B. In order to compare the geodesics and the
corresponding distance-redshift relations obtained with
the two different sets of ODEs, the geodesics must of
course be initialized equivalently. Since the equations are
solved backwards in time, this implies that the observer
position and line of sight must be mapped from the New-
tonian gauge coordinate system to Szekeres coordinates.
The position of the observer is mapped using the maps
of equation (34) or (35). The line of sight of the observer
is mapped by mapping the Newtonian gauge geodesic
into Szekeres spacetime and computing a two point finite
difference along the beginning of this geodesic. The two-
point finite difference constitutes the initial conditions
of (kr, kθ, kφ) and the initial condition of kt is obtained
through the null-condition. A geodesic which is initial-
ized as radial at the position of a central observer is radial
in both spacetimes. No mapping of kr, kθ, kφ is necessary
in this case since the results are frequency independent
and kt and kr uniquely determine each other through the
null-condition. The initial direction of the ray is deter-
mined by a set of angular coordinates (θ, φ) which must
be mapped though.
A. Geodesics in the LTB spacetime
In figures 3 and 5, DA(z) is shown for a radial and a
non-radial geodesic in the LTB model respectively. The
radial geodesic corresponds to a central observer, while
the observer is placed outside the void in the non-radial
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FIG. 4. Density along a radial geodesic in the LTB model with
a central observer. The density is plotted both according to
the Newtonian gauge geodesic and the Szekeres geodesic, but
the two densities are the same implying that the two geodesics
pass through equivalent portions of spacetime.
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Angular diameter distance along nonradial LTB ray
FIG. 5. Angular diameter distance along a non-radial
geodesic in the LTB model with an observer placed outside
the void at r = 1.2 in Newtonian gauge coordinates (comoving
coordinates are normalized at t = tls in the units of 0.1Mpc).
The geodesic is initialized in the spatial direction determined
by (kr0, k
θ
0 , k
φ
0 ) = (−0.01, 0.001, 0) in the LTB spacetime. The
line with the legend ”LTB ray” is the angular diameter dis-
tance along a geodesic computed with the ODE’s of the exact
LTB metric. The two other lines are the angular diameter
distances along the ”equivalent” geodesic according to the
Newtonian gauge metric in the Newtonian gauge and in the
synchronous gauge - as expected, these two lines are indis-
tinguishable. They are also indistinguishable from the first
mentioned line indicating that the Newtonian gauge metric
adequately describes this non-radial LTB geodesic.
case. For the radial ray, there are only negligible
differences between the curves obtained from solving the
ODE system based on the Newtonian gauge metric and
that based on the exact LTB metric. For the non-radial
ray, there is a slightly more noticeable difference between
the distance-redshift relation obtained with the exact
metric and that obtained with the Newtonian gauge
metric. This difference is presumably due to precision
errors occurring when computing the initial values of
kr, kθ, kφ in one spacetime from their values in the other
spacetime.
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FIG. 6. Density along a non-radial geodesic in the LTB model
with the observer placed at comoving r = 1.2 in Newtonian
gauge coordinates (comoving coordinates are normalized at
t = tls in the units of 0.1Mpc). The observer is looking in
the direction determined by (kr0 , k
θ
0 , k
φ
0 ) = (−0.01, 0.001, 0)
in the LTB spacetime. The density is shown along both the
Szekeres and Newtonian gauge geodesics. The two densities
are the same though, indicating that the Newtonian gauge
adequately reproduces the LTB geodesic.
In the figures, DA(z) is also shown after a transforma-
tion to the comoving synchronous gauge. Clearly, this
transformation is completely obsolete as was expected.
In figures 4 and 6 the density profiles along the
rays are shown 4 . These are the same along the exact
LTB rays and the Newtonian gauge rays which shows
that the rays in the two spacetimes follow equivalent
spacetime paths.
It is not surprising that the distance-redshift relation
of the LTB model is reproduced by the perturbed FLRW
model in the Newtonian gauge, as it has earlier been
shown that the Newtonian gauge describes the LTB
spacetimes well [31, 33, 34].
B. Geodesics in non-symmetric Szekeres
spacetimes
In figure 7, the distance-redshift relation along a
geodesic in the non-symmetric Szekeres model is shown.
The angular diameter distance is not as precisely
4 Note that in the abridged dictionary of [17], the density used
for computing the potential is not the same as the density of
the Newtonian gauge spacetime. Using the notation of [17],
δ = δN − 34piGρEdSa2 (a
2
,tψN + a,tψ,t), where δ is the density
contrast corresponding to the Newtonian gauge spacetime while
δN is the density contrast of the N-body simulation and ψN the
corresponding potential. ψN is the potential perturbation ap-
pearing in the metric, while δ describes the density field of the
spacetime. In the notation used here, δN corresponds to δng
which was used to compute the potential. The difference be-
tween the two density fields of the dictionary is insignificant for
the models studied here.
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FIG. 7. Angular diameter distance along a geodesic in
the non-symmetric Szekeres model with a central observer.
The ray is initialized as radial in the direction specified by
(θ0, φ0) = (pi/3, pi/3) in Newtonian gauge spacetime coordi-
nates. The line with the legend ”Szekeres ray” is the angular
diameter distance along a geodesic computed with the ODE’s
of the exact Szekeres metric. The two other lines are the
angular diameter distances along the ”equivalent” geodesic
according to the Newtonian gauge metric in the Newtonian
gauge and in the synchronous gauge. A close-up of the area
where the exact and Newtonian gauge results begin to be dis-
tinguishable is included.
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FIG. 8. Density along a geodesic in the non-symmetric Szek-
eres model with a central observer. The ray is initialized at
a central observer as a radial ray in the direction specified by
(θ0, φ0) = (pi/3, pi/3) in Newtonian gauge spacetime coordi-
nates.
reproduced by the Newtonian gauge metric as in the
LTB case, but the reproduction is still very good. The
difference between the DA(z) relations along the two
rays is consistent with the Newtonian gauge ray moving
through slightly larger overdensity than the exact ray.
This is in fact the case, as can be seen in figure 8 which
shows the overdensities along the two geodesics. In
figure 9 the polar angle along the two geodesics is shown.
The geodesic is not bent in the Newtonian gauge metric,
but when mapping the angular coordinates into the
Szekeres coordinates, the geodesic is seen to correspond
to a non-radial Szekeres ray. The ray is not bent exactly
as the exact ray though.
The slight under-bending of the ray inside the void is
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Polar angle along ray in non-symmetric Szekeres model
FIG. 9. Polar angle along the geodesic in non-symmetric Szek-
eres model. The angular changes are shown along both the
exact ray according to the Szekeres metric (”Szekeres ray”)
and along the ray according to the Newtonian gauge metric
(”Newtonian gauge ray”). For the Newtonian gauge geodesic,
the angular changes are shown in both Szekeres and Newto-
nian gauge coordinates, denoted by ”sz” and ”ng” respec-
tively.
consistent with its moving through a larger overdensity
at the void edge and implies that the Newtonian gauge
ray and the exact ray do not move along exactly equiva-
lent spacetime paths. Similar results are obtained when
studying rays in Szekeres models with less anisotropy
and smaller density contrasts, with the disagreement
between the Newtonian gauge and exact Szekeres results
becoming less as the level of anisotropy and overdensity
are decreased. Models with more anisotropy have not
been studied.
As with the LTb rays, the gauge dependence of
the distance-redshift relation along geodesics in the non-
symmetric Szekeres models is completely insignificant.
V. CONCLUSIONS
The Newtonian gauge metric corresponding to the
recipe of [17] was used to derive a set of ODEs that can
be solved to obtain distance-redshift relations in the
corresponding spacetime. The equations were used to
obtain the angular diameter distance as a function of
the redshift in mock N-body simulations based on quasi-
spherical Szekeres models. The validity of the recipe
was then estimated by comparing with redshift-distance
relations obtained by using the exact Szekeres metric.
In the spherically symmetric case, the distance-redshift
relation obtained with the Newtonian gauge metric and
the exact metric of the model agreed. This is not sur-
prising since others have earlier shown that LTB models
after a gauge transformation at least approximately can
be described as spherical perturbations on an FLRW
background.
The results obtained here emphasize that it is futile
to try to refute results obtained with LTB models by
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claiming that they are unreliable because of spurious
gauge modes in the synchronous gauge; it is a well known
result from linear relativistic perturbation theory that
observables have negligible gauge dependence on scales
below the horizon. Here it has been shown explicitly
that this is specifically the case for distance-redshift
relations in quasi-spherical Szekeres models - even when
the density contrast moves into the non-linear regime.
For the non-radial geodesic in the non-symmetric
Szekeres model, there are small but definite differences
between the geodesic paths and distance-redshift rela-
tions obtained with the two metrics. The ray appears
not to being bent enough inside the void which leads it
to move through a slightly larger density contrast than
the exact ray. This again induces a slight difference in
the distance-redshift relations obtained along the exact
and Newtonian gauge geodesics.
Versions of the studied recipe are the typical basis
for ray tracing schemes. Standard ray tracing methods
do not include treating the Newtonian gauge metric
as exact though, and typically involve several different
approximations. For example, a ray is typically not
traced by the actual Newtonian gauge geodesics, but is
traced in the background FLRW metric, possibly being
bent at a finite number of lens planes. This may lead to
results that are in less agreement with the exact results
than what was obtained here. In addition, the small
discrepancies between the exact and Newtonian gauge
rays found here may be cumulative though it seems just
as likely that the effects will cancel each other if the rays
move through several structures instead of just the one
they moved through in this work.
To study how accurate actual ray tracing techniques
are in reproducing shear, magnification etc. in exact
spacetimes, a study of quasi-spherical swiss cheese
Szekeres models is under way. If any shortcomings
appear and especially if they are statistically robust,
more accurate ray tracing techniques may need to be de-
veloped in order to meet the increasingly high precision
of observations. In such a case, exact inhomogeneous
and anisotropic cosmologically relevant models seem like
a good tool for general developments and tests of more
accurate ray tracing methods e.g by studying the use of
more advanced metric approximations such as one based
on a post-Friedmann expansion (see e.g. [14]) or the
”Oxford” dictionary in [17].
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Appendix A: ODEs for the perturbed FLRW metric
in the Newtonian gauge (Spherical coordinates)
In this appendix the set of ODEs used to obtain
DA(z) for perturbed FLRW metrics in the Newtonian
gauge in spherical coordinates are given.
The four geodesic equations are:
c2(1 + 2ψ)k˙t = −2c2ψ˙kt + c2ψ,t(kt)2 + [ψ,ta2−
(1− 2ψ)aa,t][(kr)2 + r2(kθ)2 + r2 sin2(θ)(kφ)2]
(A1)
(1− 2ψ)a2k˙r = 2a2ψ˙kr−
2(1− 2ψ)aa,tktkr − c2ψ,r(kt)2 − a2ψ,r(kr)2+
a2r[(1− 2ψ)− rψ,r][(kθ)2 + sin2(θ)(kφ)2]
(A2)
(1− 2ψ)a2r2k˙θ = 2ψ˙a2r2kθ − 2(1− 2ψ)arkθ(ra,tkt + akr)−
c2ψ,θ(k
t)2 − a2ψ,θ[(kr)2 + r2(kθ)2 + r2 sin2(θ)(kφ)2]+
(1− 2ψ)a2r2 sin(θ) cos(θ)(kφ)2
(A3)
(1− 2ψ)a2r2 sin2(θ)k˙φ = 2ψ˙a2r2 sin2(θ)kφ−
2(1− 2ψ)kφar sin(θ)[a,tktr sin(θ) + a sin(θ)kr + ar cos(θ)kθ]−
c2ψ,φ(k
t)2 − ψ,φa2[(kr)2 + r2(kθ)2 + r2 sin2(θ)(kφ)2]
(A4)
Taking the partial temporal derivative of equation (A1)
one obtains:
c2(1 + 2ψ)
d
dλ
kt,t = −c2(1 + 2ψ)kt,βkβ,t−
2c2ψ,tk˙
t − 2c2kt(ψ,tβkβ + ψ,βkβ,t)− 2c2ψ˙kt,t+
c2ψ,tt(k
t)2 + 2c2ψ,tk
tkt,t + 2[ψ,ta
2 − (1− 2ψ)aa,t][krkr,t+
r2kθkθ,t + r
2 sin2(θ)kφkφ,t] + [ψ,tta
2 + 4ψ,taa,t−
(1− 2ψ)(a2,t + aa,tt)][(kr)2 + r2(kθ)2 + r2 sin2(θ)(kφ)2]
(A5)
The partial r, θ and φ derivatives of A1 corresponds to
the following three equations:
c2(1 + 2ψ)
d
dλ
kt,r = −c2(1 + 2ψ)kt,βkβ,r − 2c2ψ,rk˙t−
2c2kt[ψ,rβk
β + ψ,βk
β
,r]− 2c2ψ˙kt,r + c2ψ,tr(kt)2+
2c2ψ,tk
t
,rk
t + 2[ψ,ta
2 − (1− 2ψ)aa,t][krkr,r + r(kθ)2+
r2kθkθ,r + r sin
2(θ)(kφ)2 + r2 sin2(θ)kφkφ,r] + [ψ,tra
2+
2ψ,raa,t][(k
r)2 + r2(kθ)2 + r2 sin2(θ)(kφ)2]
(A6)
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c2(1 + 2ψ)
d
dλ
kt,θ = −c2(1 + 2ψ)kt,βkβ,θ − 2c2ψ,θk˙t−
2c2kt[ψ,αθk
α + ψ,αk
α
,θ]− 2c2ψ˙kt,θ + c2ψ,tθ(kt)2+
2c2ψ,tk
tkt,θ + 2[ψ,ta
2 − (1− 2ψ)aa,t][krkr,θ + r2kθkθ,θ+
r2 sin(θ) cos(θ)(kφ)2 + r2 sin2(θ)kφkφ,θ] + [ψ,tθa
2+
2ψ,θaa,t][(k
r)2 + r2(kθ)2 + r2 sin2(θ)(kφ)2]
(A7)
c2(1 + 2ψ)
d
dλ
kt,φ = −c2(1 + 2ψ)kt,βkβ,φ − 2c2ψ,φk˙t−
2c2kt[ψ,αφk
α + ψ,αk
α
,φ]− 2c2ψ˙kt,φ + c2ψ,tφ(kt)2+
2c2ψ,tk
tkt,φ + 2[ψ,ta
2 − (1− 2ψ)aa,t][krkr,φ+
r2kθkθ,φ + r
2 sin2(θ)kφkφ,φ] + [ψ,tφa
2+
2ψ,φaa,t][(k
r)2 + r2(kθ)2 + r2 sin2(θ)(kφ)2]
(A8)
The partial derivatives of equation (A2) are:
(1− 2ψ)a2 d
dλ
kr,t = −[2(1− 2ψ)aa,t − 2ψ,ta2]k˙r−
(1− 2ψ)a2kr,βkβ,t + 2[2aa,tψ˙ + a2(ψ,βkβ,t+
ψ,tβk
β)]kr + 2a2ψ˙kr,t − 2[(1− 2ψ)(a,tta+
a2,t)− 2ψ,taa,t]ktkr − 2(1− 2ψ)aa,t(kt,tkr+
ktkr,t)− c2ψ,tr(kt)2 − 2c2ψ,rktkt,t − [2aa,tψ,r+
a2ψ,tr](k
r)2 − 2a2ψ,rkrkr,t + 2aa,tr[(1− 2ψ)− rψ,r][(kθ)2+
sin2(θ)(kφ)2] + 2a2r[(1− 2ψ)− rψ,r][kθkθ,t+
sin2(θ)kφkφ,t] + a
2r[−2ψ,t − rψ,tr][(kθ)2 + sin2(θ)(kφ)2]
(A9)
(1− 2ψ)a2 d
dλ
kr,r = −(1− 2ψ)a2kr,βkβ,r + 2ψ,ra2k˙r+
2a2ψ˙kr,r + 2a
2kr[ψ,rβk
β + ψ,βk
β
,r] + 4ψ,raa,tk
tkr−
2(1− 2ψ)aa,t[kt,rkr + ktkr,r]− c2ψ,rr(kt)2 − 2c2ψ,rktkt,r−
a2ψ,rr(k
r)2 − 2a2ψ,rkrkr,r + a2[(1− 2ψ)− rψ,r][(kθ)2+
sin2(θ)(kφ)2] + a2r[−3ψ,r − rψ,rr][(kθ)2+
sin2(θ)(kφ)2] + 2ra2[(1− 2ψ)− rψ,r][kθkθ,r + sin2(θ)kφkφ,r]
(A10)
(1− 2ψ)a2 d
dλ
kr,θ = −(1− 2ψ)a2kr,βkβ,θ+
2a2ψ,θk˙
r + 2a2kr[ψ,βθk
β + ψ,βk
β
,θ] + 2a
2ψ˙kr,θ−
2(1− 2ψ)aa,t[kt,θkr + ktkr,θ] + 4ψ,θaa,tktkr−
c2ψ,rθ(k
t)2 − 2c2ψ,rktkt,θ − a2ψ,rθ(kr)2 − 2a2ψ,rkrkr,θ+
a2r[−2ψ,θ − rψ,rθ][(kθ)2 + sin2(θ)(kφ)2] + 2a2r[(1− 2ψ)−
rψ,r][k
θkθ,θ + sin(θ) cos(θ)(k
φ)2 + sin2(θ)kφkφ,θ]
(A11)
(1− 2ψ)a2 d
dλ
kr,φ = −(1− 2ψ)a2kr,βkβ,φ+
2a2ψ,φk˙
r + 2a2kr[ψ,βφk
β + ψ,βk
β
,φ] + 2a
2ψ˙kr,φ−
2(1− 2ψ)aa,t(kt,φkr + ktkr,φ) + 4ψ,φaa,tktkr−
c2ψ,rφ(k
t)2 − 2c2ψ,rktkt,φ − a2ψ,rφ(kr)2 − 2a2ψ,rkrkr,φ+
a2r[−2ψ,φ − rψ,rφ][(kθ)2 + sin2(θ)(kφ)2]+
2a2r[(1− 2ψ)− rψ,r][kθkθ,φ + sin2(θ)kφkφ,φ]
(A12)
The partial derivatives of equation (A3) are:
(1− 2ψ)a2r2 d
dλ
kθ,t = −(1− 2ψ)a2r2kθ,βkβ,t−
r2k˙θ[−2ψ,ta2 + 2(1− 2ψ)aa,t] + 2r2kθ[2aa,tψ˙+
a2(ψ,βtk
β + ψ,βk
β
,t)] + 2a
2r2ψ˙kθ,t − 2[(1− 2ψ)a,trkθ−
2arψ,tk
θ + (1− 2ψ)arkθ,t][ra,tkt + akr]−
2(1− 2ψ)arkθ[ra,ttkt + ra,tkt,t + a,tkr + akr,t]−
c2ψ,tθ(k
t)2 − 2c2ψ,θktkt,t − [2aa,tψ,θ + a2ψ,tθ][(kr)2+
r2(kθ)2 + r2 sin2(θ)(kφ)2]− 2a2ψ,θ[krkr,t + r2kθkθ,t+
r2 sin2(θ)kφkφ,t] + 2r
2 sin(θ) cos(θ)[(1− 2ψ)aa,t(kφ)2−
ψ,ta
2(kφ)2 + (1− 2ψ)a2kφkφ,t]
(A13)
(1− 2ψ)a2r2 d
dλ
kθ,r = −(1− 2ψ)a2r2kθ,βkβ,r−
a2k˙θ[2r(1− 2ψ)− 2r2ψ,r] + 2a2kθ[2rψ˙+
r2(ψ,rβk
β + ψ,βk
β
,r)] + 2a
2r2ψ˙kθ,r−
2a[kθ(1− 2ψ)− 2rψ,rkθ + (1− 2ψ)rkθ,r][a,trkt + akr]−
2(1− 2ψ)arkθ[a,tkt + ra,tkt,r + akr,r]− c2ψ,θr(kt)2−
2c2ψ,θk
tkt,r − a2ψ,θr[(kr)2 + r2(kθ)2 + r2 sin2(θ)(kφ)2]−
2a2ψ,θ[k
rkr,r + r(k
θ)2 + r2kθkθ,r+
r sin2(θ)(kφ)2 + r2 sin2(θ)kφkφ,r] + 2a
2 cos(θ) sin(θ)
[r(1− 2ψ)(kφ)2 − r2ψ,r(kφ)2 + (1− 2ψ)r2kφkφ,r]
(A14)
14
(1− 2ψ)a2r2 d
dλ
kθ,θ = −(1− 2ψ)a2r2kθ,βkβ,θ+
2ψ,θa
2r2k˙θ + 2a2r2kθ[ψ,βθk
β + ψ,βk
β
,θ]+
2ψ˙a2r2kθ,θ − 2ar[(1− 2ψ)kθ,θ − 2ψ,θkθ][ra,tkt + akr]−
2ar(1− 2ψ)kθ[ra,tkt,θ + akr,θ]− c2ψ,θθ(kt)2−
2c2ψ,θk
tkt,θ − a2ψ,θθ[(kr)2 + r2(kθ)2+
r2 sin2(θ)(kφ)2]− 2a2ψ,θ[krkr,θ + r2kθkθ,θ+
r2 sin(θ) cos(θ)(kφ)2 + r2 sin2(θ)kφkφ,θ]+
a2r2(kφ)2[(1− 2ψ)(cos2(θ)− sin2(θ))− 2ψ,θ sin(θ) cos(θ)]+
2(1− 2ψ)a2r2 sin(θ) cos(θ)kφkφ,θ
(A15)
(1− 2ψ)a2r2 d
dλ
kθ,φ = −(1− 2ψ)a2r2kθ,βkβ,φ+
2a2r2ψ,φk˙
θ + 2a2r2ψ˙kθ,φ + 2a
2r2kθ[ψ,βφk
β + ψ,βk
β
,φ]−
2[(1− 2ψ)arkθ,φ − 2arψ,φkθ][ra,tkt + akr]−
2ar(1− 2ψ)kθ[ra,tkt,φ + akr,φ]− c2ψ,θφ(kt)2−
2c2ψ,θk
tkt,φ − a2ψ,θφ[(kr)2 + r2(kθ)2 + r2 sin2(θ)(kφ)2]−
2a2ψ,θ[k
rkr,φ + r
2kθkθ,φ + r
2 sin2(θ)kφkφ,φ]−
2a2r2ψ,φ sin(θ) cos(θ)(k
φ)2 + 2a2r2(1− 2ψ) sin(θ) cos(θ)kφkφ,φ
(A16)
The four partial derivatives of equation (A4) are:
(1− 2ψ)a2r2 sin2(θ) d
dλ
kφ,t =
−(1− 2ψ)a2r2 sin2(θ)kφ,βkβ,t−
2r2 sin2(θ)ak˙φ[−ψ,ta+ (1− 2ψ)a,t]+
2r2 sin2(θ)[a2kφ(ψ,αtk
α+
ψ,αk
α
,t) + 2aa,tk
φψ˙ + a2ψ˙kφ,t]−
2r sin(θ)[(1− 2ψ)a,tkφ + (1− 2ψ)akφ,t−
2ψ,tak
φ][a,tk
tr sin(θ) + a sin(θ)kr+
ar cos(θ)kθ]− 2(1− 2ψ)ar sin(θ)kφ[a,ttktr sin(θ)+
a,tk
t
,tr sin(θ) + a,t sin(θ)k
r + a sin(θ)kr,t+
a,tr cos(θ)k
θ + ar cos(θ)kθ,t]− c2ψ,φt(kt)2−
2c2ψ,φk
tkt,t − [ψ,tφa2 + 2aa,tψ,φ][(kr)2+
r2(kθ)2 + r2 sin2(θ)(kφ)2]− 2a2ψ,φ[krkr,t+
r2kθkθ,t + r
2 sin2(θ)kφkφ,t]
(A17)
a2r2 sin2(θ)(1− 2ψ) d
dλ
kφ,r =
−a2r2 sin2(θ)(1− 2ψ)kφ,βkβ,r−
2a2r sin2(θ)k˙φ[1− 2ψ − ψ,rr]+
2a2 sin2(θ)kφ[2rψ˙ + r2(ψ,rβk
β+
ψ,βk
β
,r)] + 2ψ˙a
2r2 sin2(θ)kφ,r−
2a sin(θ)[(1− 2ψ)kφ − 2ψ,rrkφ+
(1− 2ψ)rkφ,r][a,tktr sin(θ) + a sin(θ)kr+
ar cos(θ)kθ]− 2(1− 2ψ)kφar sin(θ)
[a,tk
t
,rr sin(θ) + a,tk
t sin(θ) + a sin(θ)kr,r+
a cos(θ)kθ + ar cos(θ)kθ,r]−
c2ψ,φr(k
t)2 − 2c2ψ,φktkt,r − ψ,rφa2[(kr)2+
r2(kθ)2+
r2 sin2(θ)(kφ)2]−
2a2ψ,φ[k
rkr,r + r(k
θ)2 + r2kθkθ,r+
r sin2(θ)(kφ)2 + r2 sin2(θ)kφkφ,r]
(A18)
(1− 2ψ)a2r2 sin2(θ) d
dλ
kφ,θ =
−(1− 2ψ)a2r2 sin2(θ)kφ,βkβ,θ − 2a2r2 sin(θ)k˙φ
[−ψ,θ sin(θ) + (1− 2ψ) cos(θ)] + 2a2r2kφ
[2ψ˙ sin(θ) cos(θ) + sin2(θ)(ψ,βθk
β + ψ,βk
β
,θ)]+
2ψ˙a2r2 sin2(θ)kφ,θ − 2ar[(1− 2ψ) sin(θ)kφ,θ+
(1− 2ψ)kφ cos(θ)− 2ψ,θkφ sin(θ)][a,tktr sin(θ)+
a sin(θ)kr + ar cos(θ)kθ]− 2(1− 2ψ)kφar sin(θ)
[a,tk
t
,θ sin(θ)r + a,tk
t cos(θ)r + a cos(θ)kr + a sin(θ)kr,θ+
ar cos(θ)kθ,θ − ar sin(θ)kθ]− c2ψ,φθ(kt)2 − 2c2ψ,φktkt,θ−
ψ,φθa
2[(kr)2 + r2(kθ)2+
r2 sin2(θ)(kφ)2]− 2a2ψ,φ[krkr,θ + r2kθkθ,θ+
r2 sin2(θ)kφkφ,θ + r
2 sin(θ) cos(θ)(kφ)2]
(A19)
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(1− 2ψ)a2r2 sin2(θ) d
dλ
kφ,φ =
−(1− 2ψ)a2r2 sin2(θ)kφ,βkβ,φ+
2a2r2 sin2(θ)ψ,φk˙
φ + 2a2r2 sin2(θ)ψ˙kφ,φ+
2a2r2 sin2(θ)kφ[ψ,βφk
β + ψ,βk
β
,φ]−
2ar sin(θ)[(1− 2ψ)kφ,φ − 2ψ,φkφ]
[a,tk
tr sin(θ) + a sin(θ)kr + ar cos(θ)kθ]−
2(1− 2ψ)kφar sin(θ)[a,tr sin(θ)kt,φ+
a sin(θ)kr,φ + ar cos(θ)k
θ
,φ]− c2ψ,φφ(kt)2−
2c2ψ,φk
tkt,φ − ψ,φφa2[(kr)2 + r2(kθ)2+
r2 sin2(θ)(kφ)2]− 2a2ψ,φ[krkr,φ + r2kθkθ,φ+
r2 sin2(θ)kφkφ,φ]
(A20)
The Christoffel symbols needed to obtain DA are:
Γttt =
ψ,t
1 + 2ψ
Γtrt =
ψ,r
1 + 2ψ
Γtθt =
ψ,θ
1 + 2ψ
Γtφt =
ψ,φ
1 + 2ψ
Γrtr = Γ
θ
tθ = Γ
φ
tφ =
aψ,t + a,t(2ψ − 1)
a(2ψ − 1)
Γrrr =
ψ,r
2ψ − 1
Γθrθ = Γ
φ
rφ =
ψ,rr + 2ψ − 1
r(2ψ − 1)
Γrθr = Γ
θ
θθ =
ψ,θ
2ψ − 1
Γφθφ =
ψ,θ sin(θ) + (2ψ − 1) cos(θ)
(2ψ − 1) sin(θ)
Γrφr = Γ
θ
φθ = Γ
φ
φφ =
ψ,φ
2ψ − 1
(A21)
Using the Christoffel symbols, the following differential
equation for the angular diameter distance is obtained:
d
dλ
DA =
1
2
DA(k
t
,t + k
r
,r + k
θ
,θ + k
φ
,φ+
2ψ˙
4ψ + 1
4ψ2 − 1 + 3
a,t
a
kt +
2
r
kr +
cos(θ)
sin(θ)
kθ)
(A22)
When setting the initial conditions, the null-condition
and its partial derivatives are used to ensure that
the geodesic will be null. the null-condition and its
derivatives are also used for checking the accuracy of the
numerical computations. The null-condition is:
kαkα = k
αkβgαβ = −c2(1 + 2ψ)(kt)2+
(1− 2ψ)a2[(kr)2 + r2(kθ)2 + r2 sin2(θ)(kφ)2] = 0
(A23)
The four partial derivatives are:
−2c2ψ,t(kt)2 − 2c2(1 + 2ψ)ktkt,t + 2[(1− 2ψ)aa,t−
ψ,ta
2][(kr)2 + r2(kθ)2 + r2 sin2(θ)(kφ)2]+
2(1− 2ψ)a2[krkr,t + r2kθkθ,t + r2 sin2(θ)kφkφ,t] = 0
(A24)
−2c2ψ,r(kt)2 − 2c2(1 + 2ψ)ktkt,r − 2ψ,ra2[(kr)2+
r2(kθ)2 + r2 sin2(θ)(kφ)2] + 2(1− 2ψ)a2[krkr,r + r(kθ)2+
r2kθkθ,r + r sin
2(θ)(kφ)2 + r2 sin2(θ)kφkφ,r] = 0
(A25)
−2c2ψ,θ(kt)2 − 2c2(1 + 2ψ)ktkt,θ − 2ψ,θa2[(kr)2+
r2(kθ)2 + r2 sin2(θ)(kφ)2] + 2(1− 2ψ)a2(krkr,θ + r2kθkθ,θ+
r2 sin2(θ)kφkφ,θ + r
2 cos(θ) sin(θ)(kφ)2) = 0
(A26)
−2c2ψ,φ(kt)2 − 2c2(1 + 2ψ)ktkt,φ − 2ψ,φa2[(kr)2+
r2(kθ)2 + r2 sin2(θ)(kφ)2] + 2(1− 2ψ)a2[krkr,φ+
r2kθkθ,φ + r
2 sin2(θ)kφkφ,φ] = 0
(A27)
For an observer placed at the origin, the initial
conditions must be in accordance with a radial null-
geodesic. Aside from the trivial constraints this sets
on the initial conditions, two constraints are worth
mentioning. First, the initial condition of kt,t should be
determined from the following expression:
kt,t =
[
−1
2
∫ t
t0
3
T,t
T
+
R,t
R
]
,t
kt =
−1
2
[
3
T,t
T
+
R,t
R
]
kt =
[ −3ψ,t
1 + 2ψ
+
ψ,t
1− 2ψ −
a,t
a
]
kt
(A28)
The initial condition of kr,r is determined from
the partial r-derivative of the null-condition
with kt,r|0 = − 12
(∫ t
t0
3
T,t
T +
R,t
R dt
)
,r
|0 = 0, i.e.
kr,r|0 = ψ,r(1−2ψ)a2kr (c2(kt)2 + a2(kr)2).
See e.g. [25] for details on how these initial condi-
tions can be derived.
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Appendix B: ODEs for the quasi-spherical Szekeres
model in spherical coordinates
In this appendix, the ODEs used to obtain DA(z) in
quasi-spherical Szekeres models are given in expanded
form (in spherical coordinates).
The ODEs are solved by using a gsl ODE solver.
In order to do this, it is necessary to eliminate k˙θ and
k˙φ from equation (24) and ddλ (k
θ
,α) and
d
dλ (k
φ
,α) from
equation (28). This yields two new equations which are
given below.
The first equation is obtained by using equations (25)
and (26) to eliminate k˙θ and k˙φ in equation (24). The
resulting equation is:
k˙r +
1
R− Φ2P − Θ
2
F
[R˙kr + Φ˙kφ−
Φ
P
P˙kφ − Φ
P
Φ˙kr +
Φ
2P
R,φ(k
r)2+
Φ
P
Θ,φk
θkr +
Φ
P
Φ,φk
φkr + Θ˙kθ − Θ
F
F˙kθ−
Θ
F
Θ˙kr +
Θ
2F
R,θ(k
r)2 +
Θ
2F
P,θ(k
φ)2+
Θ
F
Θ,θk
θkr +
Θ
F
Φ,θk
φkr−
1
2
(R,r(k
r)2 + F,r(k
θ)2+
P,r(k
φ)2 + 2Θ,rk
θkr + 2Φ,rk
φkr)] = 0
(B1)
Equivalently, equations (29) and (30) are used to elimi-
nate ddλ (k
θ
,α) and
d
dλ (k
φ
,α) from equation (28) to obtain:
d
dλ
(kr,α) = −kr,βkβ,α −
1
R− Φ2P − Θ
2
F
(kr,α(R˙−
Φ
P
Φ˙−
Θ
F
Θ˙) + k˙r(R,α − Φ
P
Φ,α − Θ
F
Θ,α) + k
r(R,αβk
β+
R,βk
β
,α) + (Φ,αβk
β + Φ,βk
β
,α)(k
φ − Φ
P
kr)+
(Θ,αβk
β + Θ,βk
β
,α)(k
θ − Θ
F
kr) + k˙φ(Φ,α−
Φ
P
P,α) + k
φ
,α(Φ˙−
Φ
P
P˙ ) + k˙θ(Θ,α − Θ
F
F,α)+
kθ,α(Θ˙−
Θ
F
F˙ )− (1
2
R,rα(k
r)2 +R,rk
rkr,α +
1
2
F,rα(k
θ)2+
F,rk
θkθ,α +
1
2
P,rα(k
φ)2 + P,rk
φkφ,α + Θ,rαk
θkr+
Θ,r(k
θ
,αk
r + kθkr,α) + Φ,rαk
φkr + Φ,r(k
φ
,αk
r+
kφkr,α))−
Φ
P
kφ(P,αβk
β + P,βk
β
,α) +
Φ
P
(
1
2
R,φα(k
r)2+
R,φk
rkr,α + Θ,αφk
θkr + Θ,φ(k
θ
,αk
r + kθkr,α) + Φ,αφk
φkr+
Φ,φ(k
φ
,αk
r + kφkr,α))−
Θ
F
kθ(F,αβk
β+
F,βk
β
,α) +
Θ
F
(
1
2
R,θα(k
r)2 +R,θk
rkr,α +
1
2
P,θα(k
φ)2+
P,θk
φkφ,α + Θ,αθk
θkr + Θ,θ(k
θ
,αk
r + kθkr,α)+
Φ,θαk
φkr + Φ,θ(k
φ
,αk
r + kφkr,α)))
(B2)
Inserting α = t, r, θ, φ into equations (27), (29), (30) and
the equation above, gives 16 ODEs for kβ,α. The four
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equations for kr,α above are (expanding the β-sums):
d
dλ
(kr,t) = −(kr,tkt,t + kr,rkr,t + kr,θkθ,t + kr,φkφ,t)−
1
R− Φ2P − Θ
2
F
(kr,t(R˙−
Φ
P
Φ˙− Θ
F
Θ˙)+
k˙r(R,t − Φ
P
Φ,t − Θ
F
Θ,t) + k
r(R,ttk
t +R,trk
r +R,tθk
θ+
R,tφk
φ +R,tk
t
,t +R,rk
r
,t +R,θk
θ
,t +R,φk
φ
,t)+
(Φ,ttk
t + Φ,trk
r + Φ,tθk
θ + Φ,tφk
φ + Φ,tk
t
,t+
Φ,rk
r
,t + Φ,θk
θ
,t + Φ,φk
φ
,t)(k
φ − Φ
P
kr) + (Θ,ttk
t+
Θ,trk
r + Θ,tθk
θ + Θ,tφk
φ + Θ,tk
t
,t+
Θ,rk
r
,t + Θ,θk
θ
,t + Θ,φk
φ
,t)(k
θ − Θ
F
kr) + k˙φ(Φ,t−
Φ
P
P,t) + k
φ
,t(Φ˙−
Φ
P
P˙ ) + k˙θ(Θ,t − Θ
F
F,t)+
kθ,t(Θ˙−
Θ
F
F˙ )− (1
2
R,rt(k
r)2 +R,rk
rkr,t +
1
2
F,rt(k
θ)2+
F,rk
θkθ,t +
1
2
P,rt(k
φ)2 + P,rk
φkφ,t + Θ,rtk
θkr+
Θ,r(k
θ
,tk
r + kθkr,t) + Φ,rtk
φkr + Φ,r(k
φ
,tk
r + kφkr,t))−
Φ
P
kφ(P,ttk
t + P,trk
r + P,tθk
θ + P,tk
t
,t + P,rk
r
,t + P,θk
θ
,t)+
Φ
P
(
1
2
R,φt(k
r)2 +R,φk
rkr,t + Θ,tφk
θkr + Θ,φ(k
θ
,tk
r+
kθkr,t) + Φ,tφk
φkr + Φ,φ(k
φ
,tk
r+
kφkr,t))−
Θ
F
kθ(F,ttk
t + F,trk
r+
F,tk
t
,t + F,rk
r
,t) +
Θ
F
(
1
2
R,θt(k
r)2+
R,θk
rkr,t +
1
2
P,θt(k
φ)2 + P,θk
φkφ,t + Θ,tθk
θkr+
Θ,θ(k
θ
,tk
r + kθkr,t) + Φ,θtk
φkr + Φ,θ(k
φ
,tk
r + kφkr,t)))
(B3)
d
dλ
(kr,r) = −(kr,tkt,r + kr,rkr,r + kr,θkθ,r + kr,φkφ,r)−
1
R− Φ2P − Θ
2
F
(kr,r(R˙−
Φ
P
Φ˙− Θ
F
Θ˙)+
k˙r(R,r − Φ
P
Φ,r − Θ
F
Θ,r) + k
r(R,rtk
t +R,rrk
r+
R,rθk
θ +R,rφk
φ +R,tk
t
,r +R,rk
r
,r +R,θk
θ
,r+
R,φk
φ
,r) + (Φ,rtk
t + Φ,rrk
r + Φ,rθk
θ + Φ,rφk
φ+
Φ,tk
t
,r + Φ,rk
r
,r + Φ,θk
θ
,r + Φ,φk
φ
,r)(k
φ − Φ
P
kr)+
(Θ,rtk
t + Θ,rrk
r + Θ,rθk
θ + Θ,rφk
φ + Θ,tk
t
,r+
Θ,rk
r
,r + Θ,θk
θ
,r + Θ,φk
φ
,r)(k
θ − Θ
F
kr) + k˙φ(Φ,r−
Φ
P
P,r) + k
φ
,r(Φ˙−
Φ
P
P˙ ) + k˙θ(Θ,r − Θ
F
F,r)+
kθ,r(Θ˙−
Θ
F
F˙ )− (1
2
R,rr(k
r)2 +R,rk
rkr,r +
1
2
F,rr(k
θ)2+
F,rk
θkθ,r +
1
2
P,rr(k
φ)2 + P,rk
φkφ,r + Θ,rrk
θkr + Θ,r(k
θ
,rk
r+
kθkr,r) + Φ,rrk
φkr + Φ,r(k
φ
,rk
r + kφkr,r))−
Φ
P
kφ(P,rtk
t+
P,rrk
r + P,rθk
θ + P,tk
t
,r + P,rk
r
,r + P,θk
θ
,r)+
Φ
P
(
1
2
R,φr(k
r)2 +R,φk
rkr,r + Θ,rφk
θkr + Θ,φ(k
θ
,rk
r+
kθkr,r) + Φ,rφk
φkr + Φ,φ(k
φ
,rk
r + kφkr,r))−
Θ
F
kθ(F,rtk
t+
F,rrk
r + F,tk
t
,r + F,rk
r
,r) +
Θ
F
(
1
2
R,θr(k
r)2 +R,θk
rkr,r+
1
2
P,θr(k
φ)2 + P,θk
φkφ,r + Θ,rθk
θkr+
Θ,θ(k
θ
,rk
r + kθkr,r) + Φ,θrk
φkr + Φ,θ(k
φ
,rk
r + kφkr,r)))
(B4)
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d
dλ
(kr,θ) = −(kr,tkt,θ + kr,rkr,θ + kr,θkθ,θ + kr,φkφ,θ)−
1
R− Φ2P − Θ
2
F
(kr,θ(R˙−
Φ
P
Φ˙−
Θ
F
Θ˙) + k˙r(R,θ − Φ
P
Φ,θ − Θ
F
Θ,θ)+
kr(R,θtk
t +R,θrk
r +R,θθk
θ +R,θφk
φ +R,tk
t
,θ+
R,rk
r
,θ +R,θk
θ
,θ +R,φk
φ
,θ) + (Φ,θtk
t + Φ,θrk
r+
Φ,θθk
θ + Φ,θφk
φ + Φ,tk
t
,θ + Φ,rk
r
,θ+
Φ,θk
θ
,θ + Φ,φk
φ
,θ)(k
φ − Φ
P
kr)+
(Θ,θtk
t + Θ,θrk
r + Θ,θθk
θ + Θ,θφk
φ+
Θ,tk
t
,θ + Θ,rk
r
,θ + Θ,θk
θ
,θ + Θ,φk
φ
,θ)(k
θ − Θ
F
kr)+
k˙φ(Φ,θ − Φ
P
P,θ) + k
φ
,θ(Φ˙−
Φ
P
P˙ ) + k˙θΘ,θ+
kθ,θ(Θ˙−
Θ
F
F˙ )− (1
2
R,rθ(k
r)2 +R,rk
rkr,θ + F,rk
θkθ,θ+
1
2
P,rθ(k
φ)2 + P,rk
φkφ,θ + Θ,rθk
θkr + Θ,r(k
θ
,θk
r + kθkr,θ)+
Φ,rθk
φkr + Φ,r(k
φ
,θk
r + kφkr,θ))−
Φ
P
kφ(P,θtk
t + P,θrk
r+
P,θθk
θ + P,tk
t
,θ + P,rk
r
,θ + P,θk
θ
,θ) +
Φ
P
(
1
2
R,φθ(k
r)2+
R,φk
rkr,θ + Θ,θφk
θkr + Θ,φ(k
θ
,θk
r + kθkr,θ) + Φ,θφk
φkr+
Φ,φ(k
φ
,θk
r + kφkr,θ))−
Θ
F
kθ(F,tk
t
,θ + F,rk
r
,θ) +
Θ
F
(
1
2
R,θθ(k
r)2
+R,θk
rkr,θ +
1
2
P,θθ(k
φ)2 + P,θk
φkφ,θ + Θ,θθk
θkr+
Θ,θ(k
θ
,θk
r + kθkr,θ) + Φ,θθk
φkr + Φ,θ(k
φ
,θk
r + kφkr,θ)))
(B5)
d
dλ
(kr,φ) = −(kr,tkt,φ + kr,rkr,φ + kr,θkθ,φ + kr,φkφ,φ)−
1
R− Φ2P − Θ
2
F
(kr,φ(R˙−
Φ
P
Φ˙− Θ
F
Θ˙)+
k˙r(R,φ − Φ
P
Φ,φ − Θ
F
Θ,φ) + k
r(R,φtk
t +R,φrk
r+
R,φθk
θ +R,φφk
φ +R,tk
t
,φ +R,rk
r
,φ +R,θk
θ
,φ+
R,φk
φ
,φ) + (Φ,φtk
t + Φ,φrk
r + Φ,φθk
θ+
Φ,φφk
φ + Φ,tk
t
,φ + Φ,rk
r
,φ + Φ,θk
θ
,φ + Φ,φk
φ
,φ)
(kφ − Φ
P
kr) + (Θ,φtk
t + Θ,φrk
r + Θ,φθk
θ+
Θ,φφk
φ + Θ,tk
t
,φ + Θ,rk
r
,φ + Θ,θk
θ
,φ + Θ,φk
φ
,φ)
(kθ − Θ
F
kr) + k˙φΦ,φ + k
φ
,φ(Φ˙−
Φ
P
P˙ )+
k˙θΘ,φ + k
θ
,φ(Θ˙−
Θ
F
F˙ )− (1
2
R,rφ(k
r)2+
R,rk
rkr,φ + F,rk
θkθ,φ + P,rk
φkφ,φ + Θ,rφk
θkr+
Θ,r(k
θ
,φk
r + kθkr,φ) + Φ,rφk
φkr + Φ,r(k
φ
,φk
r + kφkr,φ))−
Φ
P
kφ(P,tk
t
,φ + P,rk
r
,φ + P,θk
θ
,φ) +
Φ
P
(
1
2
R,φφ(k
r)2+
R,φk
rkr,φ + Θ,φφk
θkr + Θ,φ(k
θ
,φk
r + kθkr,φ)+
Φ,φφk
φkr + Φ,φ(k
φ
,φk
r + kφkr,φ))−
Θ
F
kθ(F,tk
t
,φ + F,rk
r
,φ)
+
Θ
F
(
1
2
R,θφ(k
r)2 +R,θk
rkr,φ+
P,θk
φkφ,φ + Θ,φθk
θkr + Θ,θ(k
θ
,φk
r+
kθkr,φ) + Φ,θφk
φkr + Φ,θ(k
φ
,φk
r + kφkr,φ)))
(B6)
The four equations corresponding to equation (27) are:
d
dλ
(kt,t) = −[kt,tkt,t + kt,rkr,t + kt,θkθ,t + kt,φkφ,t]−
1
c2
[
1
2
R,tt(k
r)2 +R,tk
rkr,t +
1
2
F,tt(k
θ)2 + F,tk
θkθ,t+
1
2
P,tt(k
φ)2 + P,tk
φkφ,t + Φ,ttk
rkφ + Φ,t(k
φ
,tk
r+
kφkr,t) + Θ,ttk
θkr + Θ,t(k
θ
,tk
r + kθkr,t)]
(B7)
d
dλ
(kt,r) = −[kt,tkt,r + kt,rkr,r + kt,θkθ,r + kt,φkφ,r]−
1
c2
[
1
2
R,tr(k
r)2 +R,tk
rkr,r +
1
2
F,tr(k
θ)2 + F,tk
θkθ,r+
1
2
P,tr(k
φ)2 + P,tk
φkφ,r + Φ,trk
rkφ + Φ,t(k
φ
,rk
r+
kφkr,r) + Θ,trk
θkr + Θ,t(k
θ
,rk
r + kθkr,r)]
(B8)
19
d
dλ
(kt,θ) = −[kt,tkt,θ + kt,rkr,θ + kt,θkθ,θ + kt,φkφ,θ]−
1
c2
[
1
2
R,tθ(k
r)2 +R,tk
rkr,θ + F,tk
θkθ,θ+
1
2
P,tθ(k
φ)2 + P,tk
φkφ,θ + Φ,tθk
rkφ + Φ,t(k
φ
,θk
r+
kφkr,θ) + Θ,tθk
θkr + Θ,t(k
θ
,θk
r + kθkr,θ)]
(B9)
d
dλ
(kt,φ) = −[kt,tkt,φ + kt,rkr,φ + kt,θkθ,φ + kt,φkφ,φ]−
1
c2
[
1
2
R,tφ(k
r)2 +R,tk
rkr,φ + F,tk
θkθ,φ+
P,tk
φkφ,φ + Φ,tφk
rkφ + Φ,t(k
φ
,φk
r+
kφkr,φ) + Θ,tφk
θkr + Θ,t(k
θ
,φk
r + kθkr,φ)]
(B10)
Equation (29) has been used to obtain ddλ (k
θ
,α). Inserting
α = t, r, θ, φ the following four equations for ddλ (k
θ
,α) are
obtained:
d
dλ
(kθ,t) = −(kθ,tkt,t + kθ,rkr,t + kθ,θkθ,t + kθ,φkφ,t)−
1
F
[F,tk˙
θ + kθ(F,ttk
t + F,trk
r + F,tk
t
,t + F,rk
r
,t)+
F˙ kθ,t + k
r(Θ,ttk
t + Θ,rtk
r + Θ,θtk
θ + Θ,φtk
φ+
Θ,tk
t
,t + Θ,rk
r
,t + Θ,θk
θ
,t + Θ,φk
φ
,t) + Θ˙k
r
,t+
Θ,tk˙
r + Θ(
d
dλ
(kr,t) + k
r
,tk
t
,t + k
r
,rk
r
,t + k
r
,θk
θ
,t+
kr,φk
φ
,t)− [
1
2
R,θt(k
r)2 +Rθk
rkr,t +
1
2
P,θt(k
φ)2+
P,θk
φkφ,t + Θ,θtk
θkr + Θ,θ(k
θ
,tk
r + kθkr,t)+
Φ,θtk
φkr + Φ,θ(k
φ
,tk
r + kφkr,t)]]
(B11)
d
dλ
(kθ,r) = −(kθ,tkt,r + kθ,rkr,r + kθ,θkθ,r + kθ,φkφ,r)−
1
F
[F,rk˙
θ + kθ(F,rtk
t + F,rrk
r + F,tk
t
,r+
F,rk
r
,r) + F˙ k
θ
,r + k
r(Θ,trk
t + Θ,rrk
r + Θ,θrk
θ+
Θ,φrk
φ + Θ,tk
t
,r + Θ,rk
r
,r + Θ,θk
θ
,r + Θ,φk
φ
,r)+
Θ˙kr,r + Θ,rk˙
r + Θ(
d
dλ
(kr,r) + k
r
,tk
t
,r+
kr,rk
r
,r + k
r
,θk
θ
,r + k
r
,φk
φ
,r)− [
1
2
R,θr(k
r)2 +Rθk
rkr,r+
1
2
P,θr(k
φ)2 + P,θk
φkφ,r + Θ,θrk
θkr + Θ,θ(k
θ
,rk
r + kθkr,r)+
Φ,θrk
φkr + Φ,θ(k
φ
,rk
r + kφkr,r)]]
(B12)
d
dλ
(kθ,θ) = −(kθ,tkt,θ + kθ,rkr,θ + kθ,θkθ,θ+
kθ,φk
φ
,θ)−
1
F
[kθ(F,tk
t
,θ + F,rk
r
,θ) + F˙ k
θ
,θ+
kr(Θ,tθk
t + Θ,rθk
r + Θ,θθk
θ + Θ,φθk
φ + Θ,tk
t
,θ+
Θ,rk
r
,θ + Θ,θk
θ
,θ + Θ,φk
φ
,θ) + Θ˙k
r
,θ + Θ,θk˙
r+
Θ(
d
dλ
(kr,θ) + k
r
,tk
t
,θ + k
r
,rk
r
,θ + k
r
,θk
θ
,θ + k
r
,φk
φ
,θ)−
[
1
2
R,θθ(k
r)2 +Rθk
rkr,θ +
1
2
P,θθ(k
φ)2 + P,θk
φkφ,θ+
Θ,θθk
θkr + Θ,θ(k
θ
,θk
r + kθkr,θ) + Φ,θθk
φkr+
Φ,θ(k
φ
,θk
r + kφkr,θ)]]
(B13)
d
dλ
(kθ,φ) = −(kθ,tkt,φ + kθ,rkr,φ + kθ,θkθ,φ+
kθ,φk
φ
,φ)−
1
F
[kθ(F,tk
t
,φ + F,rk
r
,φ) + F˙ k
θ
,φ+
kr(Θ,tφk
t + Θ,rφk
r + Θ,θφk
θ + Θ,φφk
φ + Θ,tk
t
,φ+
Θ,rk
r
,φ + Θ,θk
θ
,φ + Θ,φk
φ
,φ) + Θ˙k
r
,φ + Θ,φk˙
r+
Θ(
d
dλ
(kr,φ) + k
r
,tk
t
,φ + k
r
,rk
r
,φ + k
r
,θk
θ
,φ + k
r
,φk
φ
,φ)−
[
1
2
R,θφ(k
r)2 +Rθk
rkr,φ + P,θk
φkφ,φ + Θ,θφk
θkr+
Θ,θ(k
θ
,φk
r + kθkr,φ) + Φ,θφk
φkr + Φ,θ(k
φ
,φk
r + kφkr,φ)]]
(B14)
Isolating ddλ (k
φ
,α) in equation (30) and inserting α =
t, r, φ, θ leads to the following four equations:
d
dλ
(kφ,t) = −(kφ,tkt,t + kφ,rkr,t + kφ,θkθ,t + kφ,φkφ,t)−
1
P
[P,tk˙
φ + kφ(P,ttk
t + P,rtk
r + P,θtk
θ + P,φtk
φ + P,tk
t
,t+
P,rk
r
,t + P,θk
θ
,t + P,φk
φ
,t) + P˙ k
φ
,t + k
r(Φ,ttk
t+
Φ,trk
r + Φ,tθk
θ + Φ,tφk
φ + Φ,tk
t
,t + Φ,rk
r
,t+
Φ,θk
θ
,t + Φ,φk
φ
,t) + Φ˙k
r
,t + Φ,tk˙
r + Φ(
d
dλ
(kr,t)+
kr,tk
t
,t + k
r
,rk
r
,t + k
r
,θk
θ
,t + k
r
,φk
φ
,t)−
[
1
2
R,φt(k
r)2 +R,φk
rkr,t + Θ,φtk
θkr + Θ,φ(k
θ
,tk
r+
kθkr,t) + Φ,tφk
φkr + Φ,φ(k
φ
,tk
r + kφkr,t)]]
(B15)
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d
dλ
(kφ,r) = −(kφ,tkt,r + kφ,rkr,r + kφ,θkθ,r + kφ,φkφ,r)−
1
P
[P,rk˙
φ + kφ(P,trk
t + P,rrk
r + P,θrk
θ + P,φrk
φ+
P,tk
t
,r + P,rk
r
,r + P,θk
θ
,r + P,φk
φ
,r) + P˙ k
φ
,r+
kr(Φ,rtk
t + Φ,rrk
r + Φ,rθk
θ + Φ,rφk
φ + Φ,tk
t
,r+
Φ,rk
r
,r + Φ,θk
θ
,r + Φ,φk
φ
,r) + Φ˙k
r
,r + Φ,rk˙
r+
Φ(
d
dλ
(kr,r) + k
r
,tk
t
,r + k
r
,rk
r
,r + k
r
,θk
θ
,r+
kr,φk
φ
,r)− [
1
2
R,φr(k
r)2 +R,φk
rkr,r + Θ,φrk
θkr + Θ,φ(k
θ
,rk
r+
kθkr,r) + Φ,rφk
φkr + Φ,φ(k
φ
,rk
r + kφkr,r)]]
(B16)
d
dλ
(kφ,θ) = −(kφ,tkt,θ + kφ,rkr,θ + kφ,θkθ,θ+
kφ,φk
φ
,θ)−
1
P
[P,θk˙
φ + kφ(P,tθk
t + P,rθk
r + P,θθk
θ+
P,φθk
φ + P,tk
t
,θ + P,rk
r
,θ + P,θk
θ
,θ + P,φk
φ
,θ)+
P˙ kφ,θ + k
r(Φ,θtk
t + Φ,θrk
r + Φ,θθk
θ + Φ,θφk
φ+
Φ,tk
t
,θ + Φ,rk
r
,θ + Φ,θk
θ
,θ + Φ,φk
φ
,θ) + Φ˙k
r
,θ+
Φ,θk˙
r + Φ(
d
dλ
(kr,θ) + k
r
,tk
t
,θ + k
r
,rk
r
,θ + k
r
,θk
θ
,θ+
kr,φk
φ
,θ)− [
1
2
R,φθ(k
r)2 +R,φk
rkr,θ + Θ,φθk
θkr+
Θ,φ(k
θ
,θk
r + kθkr,θ) + Φ,θφk
φkr+
Φ,φ(k
φ
,θk
r + kφkr,θ)]]
(B17)
d
dλ
(kφ,φ) = −(kφ,tkt,φ + kφ,rkr,φ + kφ,θkθ,φ + kφ,φkφ,φ)−
1
P
[P,φk˙
φ + kφ(P,tφk
t + P,rφk
r + P,θφk
θ + P,φφk
φ+
P,tk
t
,φ + P,rk
r
,φ + P,θk
θ
,φ + P,φk
φ
,φ) + P˙ k
φ
,φ+
kr(Φ,φtk
t + Φ,φrk
r + Φ,φθk
θ + Φ,φφk
φ + Φ,tk
t
,φ+
Φ,rk
r
,φ + Φ,θk
θ
,φ + Φ,φk
φ
,φ) + Φ˙k
r
,φ + Φ,φk˙
r+
Φ(
d
dλ
(kr,φ) + k
r
,tk
t
,φ + k
r
,rk
r
,φ + k
r
,θk
θ
,φ + k
r
,φk
φ
,φ)−
[
1
2
R,φφ(k
r)2 +R,φk
rkr,φ + Θ,φφk
θkr + Θ,φ(k
θ
,φk
r+
kθkr,φ) + Φ,φφk
φkr + Φ,φ(k
φ
,φk
r + kφkr,φ)]]
(B18)
The Christoffel symbols needed in the ODE for
DA are:
Γtφt = Γ
t
θt = Γ
t
rt = Γ
t
tt = 0
Γθφθ = −
1
2F
Θ
R− Φ2P − Θ
2
F
(Φ,θ + Θ,φ − Φ
P
P,θ)
Γθθθ = −
1
F
Θ
R− Φ2P − Θ
2
F
(Θ,θ − 1
2
F,r)
Γφφφ = −
1
P
Φ
R− Φ2P − Θ
2
F
(Φ,φ − 1
2
P,r +
1
2
Θ
F
P,θ)
Γrθr =
1
2
1
R− Φ2P − Θ
2
F
(R,θ − Φ
P
Φ,θ +
Φ
P
Θ,φ − Θ
F
F,r)
Γrφr =
1
2
1
R− Φ2P − Θ
2
F
(R,φ − Φ
P
P,r − Θ
F
Θ,φ +
Θ
F
Φ,θ)
Γrtr =
1
2
1
R− Φ2P − Θ
2
F
(R,t − Φ
P
Φ,t − Θ
F
Θ,t)
Γθtθ =
1
2F
(F,t − Θ
R− Φ2P − Θ
2
F
(Θ,t − Θ
F
F,t))
Γφtφ =
1
2P
(P,t − Φ
R− Φ2P − Θ
2
F
(Φ,t − Φ
P
P,t))
Γrrr =
1
2
1
R− Φ2P − Θ
2
F
(
Φ
P
R,φ +
Θ
F
R,θ+
R,r − 2 Φ
P
Φ,r − 2Θ
F
Θ,r)
Γθrθ =
1
2F
(F,r − Θ
R− Φ2P − Θ
2
F
(R,θ−
Φ
P
Φ,θ +
Φ
P
Θ,φ − Θ
F
F,r))
Γφrφ =
1
2P
(P,r − Φ
R− Φ2P − Θ
2
F
(R,φ−
Θ
F
Θ,φ +
Θ
F
Φ,θ − Φ
P
P,r))
Γφθφ =
1
2P
(P,θ − Φ
R− Φ2P − Θ
2
F
(Φ,θ − Φ
P
P,θ + Θ,φ))
The initial conditions are set using considerations
analogous to those made in section V B of [25]. The
result is that kt,t = −0.5(lnR),tkt initially, while the
remaining kα,β are zero or determined from the partial
derivatives of the null-condition.
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